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EQUATIONS OF A SIMPLE FLAME SOLVED BY 
SUCCESSIVE APPROXIMATIONS TO THE SOLUTION 

OF AN INTEGRAL EQUATION * 

(PART II:   SECOND ORDER REACTION) 

G.   Klein 

ABSTRACT 

The problem of an idealized flame whose underlying chemical 
reaction is unimolccular and reversible (where the kinetic energy 
of the gas stream is neglected),  which has been solved by an inte = 
gral equation method of successive approximations for a first re- 
action in PART I,   is now extended to a second order reaction. 
This problem is very nearly equivalent to that of a simple chain 
reaction flame in which the catalyst reaction}*) are assumed to be 
in equilibrium.    In this case the behavior near the hot boundary of 
the functions involved is very different from that of the case of a 
first order reaction,  and a careful choice of the integral equation 
and of the lowest approximation to be adopted has to be made. 
The diffusion coefficient is assumed constant:   for a certain v-lue 
of this constant the problem simplifies considerably and for other 
values of an alternative perturbation and expansion method is pro- 
posed which involves only linear'differential equations.    -   It is 
verified that neglect of the back reaction affect3 the method and re- 
sults immaterially,   and the effect of varying «*• hot boundary temper- 
ature is briefly considered. '*• 

* This work was carried out at the University of Wisconsin Naval 
Research Laboratory under Contract N7 onr-2851i with the office of 
Naval Research. 
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In order to make this report self contained, WI3-ONR-13 
we reproduce here pp.   1-3 of 30 September 1954 

EQUATIONS OF A SIMPLE FLAME SOJLVED BY        Series 6 
SUCCESSIVE APPROXIMATIONS TO THE SOLUTION     WIS-ONR .<? 

OF AN INTEGRAL EQUATION 9 June 1954 

by G.  Klein 

which will be referred to as 

(FART I:   FIRST ORDER REACTION) 

\ \ 
REFERENCES 
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2) C.  F. Curtiss,  J. O. Hirschfelder,  and D. E. Campbell, 
The Theory of Flame Propagation and Detonation, III, University 
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(where a detailed numerical solution of the problem is given in 
the appendix);: Reprinted without appendix in 4th Int. Symp. for 
Combustion, p.  190, Publ. by Williams and Wilkins (1953). 

1.   INTRODUCTION 

The problem of an idealized flame whose underlying cheudcal 
reaction is unimolecular,  reversible, and of the first order,  which 
has already been treated and solved in the references quoted below, 
la reconsidered here (kinetic energy of the gas stream being neg- 
lected).    Its solution is made to depend on the solution of an inte- 
gral equation which contains an unknown parameter whose eigen- 
value has to be determined.    This equation is solve    by a method 
of successive approximations. 

Except for minor and obvious deviations, * the notation is the 
same as that used in the first reference quoted; equations there 
are referred to on the left margin. 

=* The only ones being (cf. equations 1. 1-1.3) 

(1K7-27V     it. SL   v   zL. (-eliminating the distance variable) 

(11. 7-25)    "R (•*,%) * " f(^,^) (~an essentially positive quantity) 

9 t     '• 
{11.7-31) v"   * 7^-"v" /i      (-for conciseness) 
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Flame equations.     These ar«i in terms of d •mensionieas variables and 
parameters,  the vernation* of continuity (:or chemical reaction),  diffusion, 
and energy (or therixel conductions 

j/i i / 

(11.7-^5} f aV '" p- R(
f^
r> -' 1. 1 

(11.7-28) f |jr»   t(x/^) ' 12 

(H.7-31 f = £<yC%.W*w-r) 1.3 

/ 
Hot Boundary conditiois.    At the hot boundary chemical reaction, 

diffusion and therroal conduction cease.    Thus 

(11,7-32) *(*.,*£-)- °        ,   > 1,4 

(11.7   34; *«,-£» 1.5 

y choice of thfi/conatant of intaBifAiiAn in— tM?*2 boundary condition, 

'<&>? 

Equation   1.3/18 the integrated energy balance equation,  and by suitable 
choice oi thfi/canaiant of ititeoi-»tion in 
the temperature gradient must vanish, 

f(*-M  '/ 1.6 

hae already been tsken care of. 

Cold boundary conditions. ,  If one assumes a conventionalfunctional 
*»»»*•* ^.4 nv-- «.»«kvi^tyu i»i=,   f.-,ii=»5 "«; uiuci uoe« twt actually van»*i2 at 
the cold boundary temperature,  some care is needed in the stipulation »£ 
the cold boundary conditions.   Experimentally, however, and im etj»euta- 
tMR*3»fB in any case one confines or.eseIt to a limited m<xnher of decimal 
places, the reaction rate can be taken as zero at and near the cold boundary 
temper-iture.    Thus in practice Ctheif* is no doubt what the conditions shcuiu 
be,  they are analogous to those al the hot boundary,  vis.. 

(11,7-35) V  § 

1.7 

1.8 

M ; r 1 - ^ 1 - Q 

Aiixiii&ry (quantities.    It is convenient to define the known linear 

1.10 

\, 11 
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Elimiua.ii.ca of the mas a rate of flow.   We consider the temperature 
gradient and the concentration &a the primary dependent variables. 
From   1.3,    1.5,    and 1.10, 

G«X%b£.     y .1,12 

so that !d the teanperatare gradient lit known,  the fractional mas8 rate of 
flaw.   G.    can be readily found. 

Fundamental sin&ultaaeess equations.     With   1.12,    1.10   equations 
1. 1,   172  aaay be •written in the form 

*('-   ^ )*<?£<*>*) 
\      at   t 1. 13 

ii 

Thaca equations JIA»« to be itatisfied simultaneously, the aolu>' ons being 
ias»j©«t sa txtt boundary cwadj&ums.    It should b« itioted that this is an 
eiffenvalne problem;   the parameter q in   1.13 ia not known and depends on 
the bound*? *»' condiiiosis. 

•.--••'.'"Ssjscisi^SiwS',.     I~i the fsllo^iug tv?c case* the pTobleen *iny»li£i?* 
ceu*iideraoiy: 

Whan£*j .   it. is elear £ro«a 1. 10   that   1. 14   is satisfied by 

and hence the pircbleisa reduces to the solution of the single differential 

t      J«. A 

1.15 

1. 16 

When**0» equation   1. .14   gives 

(11.7-44) X «* A    * -SQL. • ft 1, 17 

•^?hi*h ^"hen substituted into    1. 15   again l^&da |.Q a sirsgle differential 
equation. 

This latte? equatioii si3S«:Iifi*s further if the reaction rate is. linear in the 

1       1ft 
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EQUATIONS OF A HiUS'lM FLAMS SOLVED BY W-V* g 
SUCCESSIVE APPROXIMATIONS TO THE SOLUTION «,     ^«* 

OF AN INTEGRAL EQUATION "      ' 
$ Jw^e »9Sv 

(PART I:   FIRST ORDER REACTION) 

List of Errata^ 

On cover and iJiie page add;   (FART h   FIRST ORI>3SK REACTION) 

J d. 
P.  i,   first equation in the fostnotc should ze&c,       *• j    -   7^, 

P. 7.    last eyxnhoi in equatiou   2.4   Suouliibe    Ta 

Py T5   £i»st factor on the right of equation   2.5   should be  fr^-rB) 

P. 7,    in the line bo'ore eq*.. 2.8   the reference should be 
•i eoji. 1. 21 

P. 9»   grApn *s   the point QIm|   
r *3*«S  should have been narked 
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LIST OF SYMBOLS 

(in the order in which they occur) 

oe 

R   x     x' 

p.  28 <-\i/ 

p. 30 m      ©     t     r 

P. 31 v       N 

P-  " I 

p. 34 r 

P. 97 l 

g. 40 A     B    C     <p     $ 
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7.  REVISION:    Fundamental simultaneous differential equations; 
Boundary conditions;     Auxiliary functions; 
Summary 

•   r! • . ,.-.•-.. 

In the simple flame problem considered in  PART I   we have adopted 

the reduced temperature       r as independent variable and the temper- 

ature gradient        8- as the main dependent variable:     these two are 

related to the reduced distance       » by 

I        =     «oC 7-1 
It lias been shown   (cf.    1.13,     1.14,     1.10)   that the problem of 

a simple unimolecular flume is contained in the equations 

/,..    ±3^ = q   R(X,T) 
(1.13) 

(1.14) 

t ( I 
*•) *  / 

: X   ~   X 

= 1 7.2 

0   «t/ U - x^ 
c£T fr      7.3 

together with the boundary conditions 

(1.6) X tO =   X^ ? 
(T>) =   O 

(1.4) R (*-.,*-)«     ° 

7.4 

7.5 

C--C.)   =   0 (1.9) X Cr0) =   X0 ? J i **>   -   - 7,6 

where it is assumed that the total reaction rate    R (*-> £")     for practical 

purposes vanishes at and near the cold boundary   v0 . 

The function.      X in   7.3   is linear in       r anH coincides with 

the fviel component       X        at the boundaries,  thus 

r_ -  r x*- x_ 
x0-x. 

Also 

£        = 

-   T„ 

-   X. 

- r„ 

and previously we had written   (cf.    1. 10) 

(1.10) =    x. £ (^ - O 

7.7 

7.8 

7.9 : 

1 ; 
ii 
H 

..—=*• 'i 
t! 
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i : 
It will be useful to define a fictitious beyond-the-hot-boundary 

i    where 

•»        =-.      "&• v.  ^»»   —   *••• J   . 

temperatuc     *\m  <    '- 

so that   7. 7   may be written more concisely as 
i 

X -* = ^(T* - v) 

and we note 
X*CS*) - X,,    . 

x*(r*) = o . 

7.10 

7.11 

7.12 

7.1? 

It has already been remarked   (cf.    1.15} ,     and it is easily 

verified by inspection of the equation,    that in the case   o - /     a solution 

of   7. 3   is X = X     ;     in this case the right hand member of   7. 2   does 

not contain   Qj~    :     the function   !\A*» , <• > is wholly known.       This,  and 

the form of equation   7. 3   suggest adopting the new variable 

X        -      *   -   **     ; 

replacing   X   ,     and expanding 

R(X, 0«    ^Cr)   +•    1R,(t; CX -X*)   -h   ^CT)(X- 

<. it 

A.     •    1  
7.15 

• 

Here 

-t£ CO =-.   PCX', T) } 
y 

7.16 

and the other functions   lR/r)>    ^Ct),   .  .  .  ,     are similarly known 

if the form of the reaction rate is given.     We write 

[?.i*,T)«     TBC?,  O- 7.17 

N. 

• 

1. 
'"I 



-I  

>\ 

• 
WIS-ONR- 13 
30 September 1954 

27 
Summary.       In term* of the functions just defined we h*ve 

and 'the fundamental equations   7.1-7. 3   may be writte? 

7.18 

fQ- <£T   J       — a Ka, o 

" 
^1       = / 

4-?     = t -   ( 1 - <T)^ 

• 7.20 

7.21 

The boundary conditions   7. 4-7. 6   have now.    in view of   7. 14.    7.12, 

the simple form 

#.CO> o 

5 ( r0) - o      > 
and it is understood that for practical purposes the functions 

ft/*),  «, tO,   ^CT)5. . . 

boundary    ~t«   . 

a CO - O    ^ 

a. ( *.)  *   0      ; 
0 

vanish at and near the cold 

7.22 

7.23 

7.24 

Alternative summary   in which   7. 20,    7. 21   are written in 

integrated toiai; 

*('- 
tut y 0  tf <*> o • a. cr,)«o, J.^>0 

X     = JVr 
tm 

• 

* - ^* •* 

s r 4 

7.25 

7.26 

7.27 

where 

and it is understood that the   C?^ ( r) which are known functions, for 

practical purposes vanish at and near the cold boundary    ?0 

28 
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8. REACTION RATE AND NATURE OF THE SOLUTION 

First order reaction.     When the reaction is of the first order, 

8? (5,0 = 'MP> * %<*>%  • 
This ease has been dealt with in Part I where 

^ Cc) '*   "f (r) 

WIS-ONR-13 
30 September 1954 

28 

ti.il) 

The total reaction rate   7R.C^,r)   has the «ingle    zero at      T—     where 

»• 

• ; 
i i 

-i 

Second order reaction.     Here 
-     —wwwi     mm    PW    '  ,imWM—w«>——^» 

£C5, r)  -   Tg,tO ••  *,<r;$   *   TRKir) £x   .     8. l 

We shall consider the special ease where the presence of tlw fuel is 

essential for both the forward und the back reaction:    the fuel acts at 
•ft 

the same time as a catalyst.      Thus   (cf. 7,14-7,17) 

R (0) c)i    »   6  , i.«. "8?C-X ;  *) *   0    .    8.2 
».»      1-— m    ia       __      a    i 

KIT)    »     X»[*,<*>   -   ***U^] 8.3 
This implies that   $?, (r)   has tv>o   seros,   one at    ?•»    , by   7.23, 

#,(*".*)  •    0    i 8.4 

and the other, dua to the first factor on the right of 8. 3   (cf. 7.11) 

at     rj % 
': 

By   7,12   and  8.4, 
)R, C.T.J 

8.5 

8.6 

The full reaction rate   & (*, r ) will also,   in geaer&l,   have two 

r„       ,     and another beyond but near to    Vm  j seros, ens at     . n 

it will be at     r * in the case    <»•=/• 

I    i i 

cf.   APPENDIX ,   p-^0 

II' 

—— —H' 
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Nature of the solution.     The nature of the required solution 

for any given    o (where      a        is of order unity)   does not differ 

drastically from that of the case    a  •=• /     ,    so that we confine our- 

selves to a short discussion of the latter.    We have 

».** 

#.<*£)- o 
and the required solution must satisfy 

The tangent elements of the family of integral curves of   8. 7   are 

easily plotted from the relation 

8.9 

8. 10 

<j£,-r 8. 11 

The locus of stationary points of the integral curves is evidently the 
- V f - \ curve    Q »*« v. tr /   _   ttxe 

there is infinite slope;   and the lines   T* a T 

<-    -sxis   is the locus of point? at which 

r =   z- 
<*> ? are loci 

of points at which there is gradient unity.    There are two   singular 

points,    viz. on the      Z -axis   at   ~c-» r^   and at     t   - The 

former is a saddle point and the required solution is the singular 

integral which passes through it with negative slope. 

H*"} 

' ! 

The parameter in   8. 7   is not known:     instead there are 

two boundary conditions   8. 10,    i.e., is an eigenvalue para- 

meter.      The nature of the second singular point at     T^ depends on 

the magnitude of       Q -  in the numerical application considered it is 

a spiral point   (See graph   12.    ) 

Li. .i 
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Series eacpansion near    Vgo 

easily froi 

[- fli 
find* easily from   8.7 r     r 

i    I 

s i V"? 

<v 

Since  JlCO*3, #0(^)r3one 

1 
L   otrjr 

*- I      ~ I 
8.12 

t 
.*e*Jr 1 /   4.    3   r-   ^ kL), • 13 

etc*  from which a series expansion near      Z"^     may be obtained. 

1 

Solution near    ZT«o      in polar coordinate a. Near     C.^,     -we put 

i*.<*>« U^I'(r"r:)i "Cr" r* ^ fc*» O        8.14 

so that equation 8. 7 becomes 
do | -  m ( r - r*) 
dLt 

On changing to polar coordinates 

r- r" £ -     r a*^ ® 

B     I R 

8. 16 

8. 17 

and writing 

t    =    £*~J 0 

one obtains the solution near      Z ^        in the form 

8. i8 

,    ** + / 

That is,  it is a spiral provided 

The nature of   9- *• r)  beyond    C"«o        is of course of no physical 

8.20 

interest. 

*    ,   _- 

4    H3 

       :.  p-r 
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INTEGRAL EQUATIONS AND METHOD OF SUCCESSIVE 
APPROXIMATIONS 

In order to solve equations   7. 25-7. 27   we employ a method of 

successive approximations as follows.    Suppose a v -th approximation, 

Q-     ,    to  3-  is known:      then by 7,26   and   7.27   we find the corres- 

ponding approximations to     ^>        and     4,        thus: 

J f ? 9,1 

/ 
?       ^^e'        y e.   ' ^r-, 9.2 

Equation   7. 25   is the hard core- of the problem.    It is turned into 

an integral equation - but this can be done in an infinite number of 

ways;     for instance,   multiplication of   7.25   by   <L   ,    where   ri     is 

not necessarily an integer,   and integration, re suit in 

w*-* ^"',i=   1 Jt**c%' °" 'If lj"">-> 
One could now multiply   9. 3  by some suitable function o£ N  and 

add similar equations for all integers     N       starting from   N "*  P ? 

and would thus obtain an integral equation in well-known analytic 

functions of   ^-        .     However,  we have not succeeded in determining 

which functions would be the most   'natural1   ones to take,   and there- 

fore confine ourselves to an integral equation of the farm   9. 3   for 

a suitable   N. 

In   9.3   the upper boundary condition has been taken care of; the 

lower boundary condition fixes the value of the eigenvalue parameter , 

viz.. 

9 
/ * (5>0 

9.4 

r. 

u 



M 

• 

i 

i 

; 

• 

k 

WIS-ONR-13 
30 September  1954 

32 
Hence the integral equation   9. 3   may be written in the form / 

} 
• 

ft* [ft *<t'r>d"'    ft 

ft v v. t 

**. II' 
eLr f 

dor 

I- 
J 

9.5 

which does not contain the eigenvalue parameter and includes both 

boundary conditions. 
r •- 

Let us write   9. 5   more concisely as 

v 

In fact,  of course, the right hand side of 9.5   or   9.6   is not a 

function of     N      at all.       Again,  on the right of   9.5   or   9.6 

the quantities     <2-       and   <"      occur only ineide integrals which one 

may assume not to be too sensitive if instead of     4- 

9.6 

and    € ~J    approxi- 

mate values of these are substituted."   Thus the method of successive 

approximations is contained in the equations     9.1,    9. 2,    and 

trtt'L    Tf/*    l"\   r  ;   A/) 

:.      •      '•. • 

The method is clearly justified if the      4- 

convergent sequences. 

y. i 

V) and 5 form 

are 

The most   'natural*   values for     N which suggest themselves 

ri -  ~ /      and N ~   0     which amount to integration of   7. 25   at 

sight.    The choice of the lowest approximation    Q. 

in the following section. 

(t>) will   be discussed 

i 

! 

~T+ 
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1C.   DISCUSSION;    CHOICE OF LOWEST APPROXIMATION 

The solution of the flame equations by the method of successive 

approximations depends on the choic J of a suitabl- recurrence relation 

based on   9.2,    'like   9.7,    and on the choice of a suitable lowest approx- 
(0) imation    a. 

The exponent   N .        As to the first problem,  once relation   9.7 

is adopted, the following comments on the choice of the exponent are 

relevant: 

N -  ~i  . ThiB case follows by dividing   7.25   by   <p    and inte- 

grating;   it has been employed in the first order reaction problem of 

Part I.       Advantage:     The second ratio on. the right of   9.5   is the same 

for any particular     T        at any stage of the operation    9=7.    Disadvan- 

tages;       a)   expressions of the form °/o occur in the first ratio and 

these have to be evaluated separately,     b)   for an unsuitable lowest 

approximation a supposed   <3_ may become negative,  which en- 

trains an infinite integrand in the succeeding stage - the method breaks 

down. 

N g 0   . This case follows by integrating   7. 25   at sight. 
A J .-__*.. -^*. •o ratiss of the forss of, 

Of i w A -    •   tlie iiioi 

ratio on the right of   9.5   is the same for any particular    r       at all 

stag's of the operation   9.7.        Disadvantage  ;     for an unsuitable first 

approximation a supposed ^_ may become imaginary:-      the method 
v 

breaks down. 

JL s../- For an unsxut&bie first approximation a supposed 

may bec«ms negative,    and succeeding    Q 

the method breaks duwu, 

(*) 
t 

W+j) 

at the same re- 

main negative 

At first sight none of the more obvious possibilities 

of a direct break-down of the method, of the kind just described,   seem to 

«§>* IflC   _Ti »MAB> CQOC< 

'4 



ftfc 

WIS-ONR-13 
30 September 1954 

34    • 

It remains to choose a lowest a^pxOxi Ijpweii approximation. 
(o) 

mation    9. for the operations   9.7.      We consider in detail the 

6    *» /        so that     q_       is a solution of case 

• o-a-)= i-**tT>- 10.1 
f v ~*v / 

It is desirable that the lowest approximation should already possess 

as many properties as possible of the actual solution;    the properties 

of     9-     which follow from   10. 1   without further quantitative knowledge 

of       ^?,'')    are   (cf.    8.7-8. ii),    with increasing     Z      , 

1) Zero at   r_  r0 

2) Gradient unity at  X » vc 

3) Maximum occurs on     Q #?0 ( r) 

4) Zero at   r =• to. 

5) Minimum occurs on    <3 #£« CO 

it)   Gradient unity at   T -   TM 

7)   Further zero at r= zi: +• er   (say. where   er    is «mall and positive) 

8)   Gradient infinite at t» g; 4- cr 'cirve convex to increasing r) 

9)   Spiral around r *  r * 

' t 

Since     <?        is not known,    3)   and   5)   are unsuitable for inclusion in any 

iirst approximation;     similarly, 9)   is unsuitable.    The remaining con- 

ulttwus cannot be catered for by a polynomial but they are embodied in 

the following algebraic curve 

(o) m  = 

where     <r is determined so that 

and one finds that 

-: r» r1 

must be a solution of 

10. 

4 

/   *- / _* /   -. X"1- C/Z* -T. f     /r*-r.\   

«tej- * ji^rj -fe^r>A(^J n^t>°'°- 
lo.    oj^^   J3   ,   ^.Vi 

i 

-J   p* 
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Discussion and results. 
• •i •^•wwn—•    iw    ii    i i     i  ip   n'    i 

to 

For    <T  =• /      formula   9.7   reduces 

I' 

10.6 

iastesd of   10. 5^ frc/s» which we finally obtained   'output'      O 's   agree- 

ing with the    'input'        4_'s   to any required number of significant digits. 

2. For      <P = •%       we took   2.     =   ?«.    ?      N-0,  and uBed a 

corresponding procedure. 

3. Similarly,  for    <T - '/A.    ,    where we started with   <i/0^ - G. »_ ^    * 

4. The attempt of solving the case       cP   = 0 in 3 similar manner 

leads to an immediate break-down of the method when     Jv  ~   0 .      We 

obtained a solution as follows;           Extrapolation from   <$£., ) Qf;% j  0-J>. >I 

gives an approximation to     Q      ;    this value is used to calculate a 

parabolic approximation to     O       near    r^     ;   the latter is combined 

with an approximation to    Q      ,     extrapolated- from 9-^./ ^  9- y i-»/y J 9-f - i. •> 

for the greater part of the range r
e—>   ^   ;      this   'mixed'   lowest ap- 

proximation is now put through   9. 1,    9. 2,    9. 7   (modified as in 1C. 6). 

^W)=I(^V;^ 10-5 

We took      2. as in 10.2   and Ns0,    and   performed the operation 

10.5   up to    * -/o   .        Result: The bulk of the   2- converge;   near 
(7 / 

Too     they diverge, and at the stage V m /«   the method breaks down-, - / 

the integrations were performed by the trapezoidal rule and the last inter- 

val adjoining   Z^      was about   ( r— - ro)/*/-oo   ;   the divergence was oscilla- 

tory about fairly definite   'mean'   values.    When these valves were substi- 

tuted ou the right of   10. 5   they very nearly reproduced themselves on the 

left.    This suggested use of the formula 

--4 
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• 

We have thus found solutions for the cases   o = />    /V ^   '£;>   ° 

which satisfy the flame equations: tnis is all that is required 

for    practical purposes but the procedure is mathematically dis- 

tasteful. "^   ^^    C  —* 7 • 

Supposing the arbitrary choice of  N - 0   to be at fault,    we have 

next tried    N - /' for the case   a -  /       with   10.2   as lowest ap- 

proximation and rigorous application of formula   9.7   or 10.5.    Con- 

vergence resulted everywhere and for the particular example con- 

sidered   the method thus appears thoroughly satisfactory if one takes 

• 

(It may he remarked that the values for   Q, f .,. obtained by 

the two different methods differ by about one per cent - this discre- 

pancy is ascribed solely to the inaccuracy of trapezoidal integration 

since the integrands involved differ considerably. 

• 

I-   .• 

Y 

• 

[•..•• 

•, .• 

,-.••><.. 

r 
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11.    ALTERNATIVE METHOD WHEN      <F * I- 
• 

In thi« section only we adopt the following notation: 

t   =  / - <f , 

oLr 

In order to solve equation*     7.19,    7.21, 

we assume the expansions 

11.1 

11.2 

11.3 

11.4 

f        - c   & r 

1 = 

f - r 
i   = 

*T / +- e Q   ^' fo   •*- •• • 

*•  6. }, * ^U* '" 
£ 5,  +• &   S 

11.5 

11.6 

11.7 

11.8 

11.9 

where the suffixed quantities are independent of   £    (i.e.    of   J"   )* 

substitute them into   11.5,    11.6,    and equate coefficients of powers 

of    £     .     The solution for the rase  t - 0   is supposed known;   we 

abbre viate 

t, ^    ii 
>• 

11. 10 

the resulting   linear    equations are now easily integrated in the 

following order: 

where 

J  e        aLv , 

W ^^I^/J^^CLT 

11.11 

,11.12 

11. 13 

>• 

i 

J4 M     "• 
7+ 
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i ~*. 

'   ? 
1 

"4j 

^here 

+fi*fo>w **X^fL-<v^MCW luv 

cUzr 

       > 11.16 

where 

f  ,  £,- cCI-/e"C-fo-^-^  *(«*-Oy^** 11.17 

Q      -      a -~-   e*'-   9      f e~^*<£D<^r 

r       «-" 

9, ---" /3 

same integrand as in JT 

second integral of !1< 18) 

etc. £*-«.    yr*~yA.   Z2j     L,. £j 

u 

11. 19 

f     =  £   -   C * Je    ' ( / - jf,) i-   ot, r n.14 

v 
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12.    NEGLECT OF   BACK REACTION ; 

VARIATION OF HOT BOUNDARY TEMPERATURE 

Neglect of the back reaction.      It was desirable to show that the method 

is unaffected,   and the results little changedjif the back-reaction is neglected. 

In this case,  if one considers only   o   =• /        ,   cf.    A. 4, 

y too - -c« ) 
cf(*> 

12. 1 

12.2 

Here     ^^        and      Z^        coincide,   and    X^   — O As lowest approxima- 

tion one takes 

r <x -—T3-     ( r-r')(zoo- r)*" . 12.3 

One finds the expected results, but very near   t^    ,   when   10.5 is used 

there is again no convergence and formula    10. 6   has to be applied;   use 
j t 
IT" f       ~^~ piye conBi«t.^«t results =    Cf;   ^raph 24. oi     /v -   a. 

Variation of the hot boundary temperature. 

.'cstigate how the eigenvalue parameter      Q 

It is also of interest to 

changes with    ~£ no   when 

kept constant.    The procedure outlined just above was thus repeated 

for different with formulae    12.2   and    12.3.      The results are 

shown in graphs   23   anr    24. 

s> 

7 + 
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APPENDIX 

Simple chain reaction flame. 

based on the rerctions 

A 8 

Let us consider an idealized flame 

/    1 

A +  B    e=2    9 +• C      y A. 2 

and let we suppose that to a first approximation component    "       is 

in equilibrium with      -H       ,   so that 

The rate of decrease of component  A      {-which we have roughly 

A.3 

•— *>/«•»••»» mA   4-r\  c—  tl*»   •?•»ar»+-4r»t»   T"5*f^\ V>*   aswunr^H  S.R nrotmriiopa!  to 

a. 
i+ 

****    -  xeC 1-^-^;$ Cr)   , '8~4 A. 4 

A. 5 

that is, 

Dropping the suffix   A      ,    we see that the problem, is equivalent to that 

of a   unimolecular reaction of the type already considered ,    with the 

total reaction rate of the fuel component of the second order and pro- 

portional to 

If at the hot boundary temperature    T^,     a fraction    X^,   of the 

fuel is left, 

 1 c O   
*-- = / +  3> cr^) + «jf^)g cr^) 

We note that   X      is a factor of the total reaction rate     R C X, c); 

A.7 

A.8 

Thus,  in terms of a unimolecular reaction one could say that the fuel 

acts at the same time as a catalyst whose presence is indispensable. 

———————— *2&£&l 
1.3 

TV. ^'-*  A^lC  por*^—  -^ ~Y 
M 
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Particular example.       We take 

$(c)   =     <p(*>   . A.9 

In the original formulation of the problem     t> ( C")       -was taken to be 
-/r 

equal to   t ;   in the present treatment we have put 

/r 

and chosen the constant    K        so as to get simple expressions for 

X«,     and the linear function   X*       of 7. 7 (or 7. 10).    Thus with 

A. 10 

r„ *   .'•* y 

so that,    cf. 7.8, . 6 

which gives 

i    »   and by   A. 7, 

.99^.    /*/    7 

A. 11 

4  12 

A.13 

C £ e. ~ / ~«>j~ _, A, 14 

A.15 

On comparison of  A. 6   and   7.15   one finds 

and    #?ft Cr)        is given by ft, 3. 

A. 16 

Ui 

. ,,*i 
.1 
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GRAPH 11 

showing the basic coefficients 
of the total reaction rate 7. 15 
or 7. 18 

0 
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GPxAPH 12 

illustrating the nature 
of the flame equation 

*(«-&)-1» 
and its singular solutions. 
(See section 8,   p.   28) 
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GRAPH 14 

showing the total 
reaction rates and 
the corresponding 
solutions for the 

cases   5= / and  J"» 0 
(See numerical tables 

4,    6,    and 7) 
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showing the behavior   of 
the solution near   T„    and   r^ 
in the case     e » I 
(See numerical tables 5 and 8) 

.217 

•~f 

showing the behavior of the 
solution neai      x,*   in the 
case    «T« /        (See numerical 
tables   5   and   8) 
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Dependence of the eigenvalue 
parameter    Cj     (inverse of the 
flame velocity) on diffusion 
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h 

I 

i 

GRAPH 22 

showing the rapidity of convergence 
when the cases    f #= /     are obtained 
from the case    d = I    by the expansion 
method of si .tion 11,   p.   37 
(The horizontal lines correspond to .the 
values of    q    obtained by the direct 
method of se^'ion 9,  p.   31) 
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I • 

1500 

500 

GRAPH 23 

|j     Dependence of the parameter   ^ 
j;    on the hot boundary temperature. 
Ij   (The back reaction is neglected, 

$*m t , and the cold bbundary 
temperature is kept constant; 
Cf.  section 12, p.  39) 
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